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>■ 

00 : 1 Introduction and Main Results 
o- 

O i The N-body problem is an old and very difficult problem. Many mathematicians stud- 

O ■ i^d this problem using many different methods, here we only concern variational methods. 

In 1975 and 1977, Gordon ([15], [16]) ffistly used variational methods to study the periodic 
solutions of 2-body problems. In [16], he put forward to the strong force condition (SF for 
[ short) and got the following Lemma: 

•i-H ■ 

Lemma 1.1. (Gordon[lQ]) Suppose that V{x) satisfies the so called Gordon's Strong 
c3 I Force condition: There exists a neighborhood M of and a function U G C^{Af \ {0}, M) 

such that: 

(z). lim U (x) = — oo; 

\x\^0 

(ii). - V{x) > |Vt/(x)p for every x E J\f\ {0}. 
Let 

A = {x\x{t) G H\m/Z,W), x{t) ^ 0,Vt G [0,1]} 
dh = {x\ x{t) G H\R/Z, M"), 3 to G [0, 1] s.t. x{to) = 0} 
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Then we have 

V{Xn) dt — >■ — OO, \/ Xn ^ X & OA. 

After Gordon, many researchers used variational methods to study N [N > 3) body 
problems ([1] - [8], [10] - [19], [22] - [27], etc.). 

In [18], P.Majer used Ljusternik-Schnirelman theory (LS for short) with local Palais- 
Smale condition to seek T-periodic solutions of the following second order Hamiltonian 
system: 

x + ax + VxW{t,x) ^0 (1.1) 

where W is singular at a; = 0, W{t + T,x) — W{t, x). 
He got the following theorem : 

Theorem 1.2. Suppose 

(P2).W e C\S^ X (R" \ {0}),R) satisfies (SF); 
(P3).3c, 9 <2,r>0, such that\l\x\ >r,\lte S]. 

W{t, x) < c\xf, {VW^{t, x),x) - 2W{t, x) < c\xf 

{P4).W{t,x) < b. 

Then the system (1.1) has infinitely many T-periodic non-collision solutions . 

After Majer , Zhang-Zhou ([27]) studied a class of N-Body problems. They considered 
the following system : 

mix{t) + V^y{t, xi{t), • • • , XN{t)) = 0, e R", i = 1, • • • , (1.2) 
where mj > for all i, and V satisfies the following conditions : 
{Vl).V{t,Xi,--- ,xn) = - E Vij{t,Xi- Xj); 

{V2).Vij G C^{R X (M" \ {0}); M), for all 1 < i ^ j < A^; 
{V3).Vij{t,^) -OO uniformly on t as |^| 0, for all 1 < i 7^ j < AT; 
lv4:).Vij{t, < 0, for alH e R, C e R" \ {0}; 
{V5).Vij satisfies Gordon's strong force condition; 

{V6). There exists an element g of finite order s in SO{k) which has no fixed point 
other than origin (i.e. 1 is not an eigenvalue of g), such that 

V(t,xi,--- ,xn) = V{t + T/s,gx^,--- ,^x^^),V^e [0,l],XieR". 

If the potential V satisfies {VI) — {V6), and x{t) = (a;i(t), ■ ■ ■ , XAr(t)) is a T-periodic non- 
collision solution of system (1.2) and satisfies a;(t -I- T/s) = {xi{t-\-T/s), ■ ■ ■ ,XN{T-\-t/s)) — 
{gxi{t), • • • ,gxNit)) — gx{t), we say that x{t) is a g-symmetric T-periodic non-collision 
solutions (we also call (g.T) is a non-collision solution for short). 
Zhang-Zhou obtained the following theorem: 
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Theorem 1.3. Suppose the potential V satisfies {VI) — {V6) and T is any positive real 
number. Then system (1.2) has infinitely many {g,T) non-collision solutions. 

Motivated by P.Majer, Zhang S.Q.- Zhou Q. 's work , we consider the following system: 

J m,u, + Vuy{ui,...,UN) = 0, {l<t<N), {Ph.l) 
^^^^ \ \Y.mi\um^ + V{u^{t),...,UM{t))^h. {Ph.2) 

We have the following theorem : 

Theorem 1.4. Suppose V{ui, ■■■ ,un)^^ E ^ijiui - e C^^M^^ \ {0}, M), 

and satisfies 

(\/5').l^.,(0 <0,VeeRn{0}; 
(\/6').3a >2 andri>0 such that > -aV,j{0,yO < \^\ < n; 
(1^7'). 3c > 0, — 2 < 6' < 0, r2 > ri, such that when \^\ > r2, there holds 

(V^^i.-(0,e)<c|er; 

(V8').\4,(O = v;,(O,veeM"\{0}. 

Then for any h > 0, the system {Ph) has infinitely many non-constant and non-collision 
periodic solutions . 

Example 1.5. We take 

I smooth connecting, if ri < |^| < r2, 
[ -ler, if \C\>r2>r^. 

2 Some Lemmas 

In this section, we collect some known lemmas which are necessary for the proof of Theorem 
1.4. 

Let us introduce the following notations: 



m 



min{mi,--- ,mjv} ; = W^^^{R/Z,W). 



E ^ {u^ {ui, un) I Ui e H^, Ui{t + ^) = -Ui{t)}. 

Ao^{ueE\ Ui{t) Uj{t), Vi, ^ j}. 

dAo ^ {u E E \ 3to,l < io jo < N s.t. Wio(to) = %o(*o)}- 
p(u) = min \ui(t) — uA(t)\. 

{f<c} = {ue Ao, f{u) < c}. 
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Lemma 2.1. ([1] — [4]) Let f{u) = - mjlwip dt /^(/i — V'(m)) dt and m G Aq sa^zs/?/ 

2 i=i 

f {u) = Oandf {u) > 0. Set 

1 _ J,\h-V(u))dt 

/o ^mi\ui\'^dt 
^ 1=1 

Then q(t) = u(t/T) is a non-constant T -periodic solution for (Ph). 

Lemma 2.2. (Pa/ais[20]) Let a he an orthogonal representation of a finite or compact 
group G in the real Hilhert space H such that for \/ a E G, 

f{a-x) = f{x), 

where f E C\H,R). 

Let S = {xEH\ax — x,yain G}, then the critical point of f in S is also a critical 
point of f in H. 

By Lemma 2.1-2.2, we have 

Lemma 2.3. ([1] - [4]) Assume Vrj G ^^(M" \ {0}, M) satisfies (V8'). If u e Kq is a crit- 
ical point of f{u) and f{u) > 0, then q{t) = u{t/T) is a non-constant T-periodic solution 
of (Ph). 



Lemma 2.4. ([28]) Let q G W'^'^{R/TZ,W) and jl q{t) dt = 0, then we have 
(i). Poincare-Wirtinger's inequality: 



\m\'<it>[^)' £\q{t)fdt. (2.2) 
{ii). Sobolev's inequality: 

m^Jg(t)| = Igloo < \[^{ \mM'^" ■ (2-3) 



By the definition of Aq and Lemma 2.3, for G Aq, {J^ ^ mi\ui\'^ dty^'^ is equivalent 

i=l 

to the {H^)^ ^H^x---H^ norm: 

,1 X 1/2 .1 ^ 1/2 

u ||(i/i)jv= ( / l-itpdt 1 + I / Iwpdt 



1 ^ 

So we take norm || u \\= (J^ ^ mil^jp dt)^/^. 
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Lemma 2.5. (Coti Zelati [U]) Let X ^ {xi, . . . ,xn) e W x ■ ■ ■ W, x^^ Xj.'iX 
j < N. Then 

N 

l<i<j<N I * i=l 

where Ca{mi, . . . , mjv) = C'a = (D mj)""/2( ^1 rriimj)^ . 

i=l l<i<j<N 

Lemma 2.6. ([18]) Let X be a Banach space with norm \\ ■ \\, A he an open subset of 
X, and suppose a functional f : A is given such that the following conditions hold: 
{i).CatA{A.) = +oo; 

{ii).f e C^(A) and Wun <9A, f{un) +oo; 

(m).VA e R,Catf,{{f < A}) < +oo; 
Suppose in addition that there exist g e C^(A),/3 e (0, 1) and Aq G M suc/i t/iat 

{iv).CatA{{f < g}) < +oo; 

[v). the PS condition holds in the set {/ > g}; 

{vt).p II f'{u) \\>\\ g'{u) II, e{f = g> Aq}. 
Then f has a sequence {un\ (Z A of critical points such that f{un) — >■ +oo and f{un) > 

g{un) - 1- 



3 The Proof of Theorem 1.4 

Lemma 3.1. Let {«„} C Aq and Un ^ u & OAq. Then f{un) +00. 



Proof. First of all , we recall that 

,1 N 



))dt 



(l).If u = constant, we can deduce m = by Ui{t + -) = —Ui{t). By Sobolev's embedding 
theorem, we obtain 

l^^nloo ^ 0, n^oo (3.1) 
So when n is large enough, < |m^ — m^| < ri. By (V6'), there exists an A > such that 

A 

lip' 



V,,(e)<-— , VO<|C|<ri (3.2) 
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By h > 0, Sobolev's inequality (2.3) , (3.2) and Lemma 2.5, we have 

1 

fM = 2 II II' / ~ - <))dt 



l<i<j<N 



nil' /V E Viji<-<)}dt 



1 M 

> 2 II « 

" " l<i<j<N 
>- \\Un f [ V (it 



l<i<j<N \'^n '"'"1 



>2ll«nll y ^[^^ '-] — N-\u,,\-"dt 

> 3m*A2-^N(N - l)^+t|ii„|^" 

Then by (3.1) and a > 2, we can deduce 

f{un) — >■ +00, n — >■ oo 

(2). If M ^ constant, by the weakly lower-semi-continuity property for norm, we have 

.1 N I N 

liminf / VmiK|Mt> / mi\ui\'^ dt > 0. (3.3) 
Since u G SAq, there exist to, 1 < '^o 7^ jo < iVs.t. ^^^(to) = 'Wjo(^o)- Set 

ut)^<(t)-ui°(t) 

By Un u, we have in{t) Then by {V&) and Lemma 1.1, we have 

/ V^,„,,«°-Odt^-oo. 

^0 

RecaUing that 

y(i.„) = ^y,,-«-<). 

So we have 

f{Un) +00, n oo. 

□ 

Lemma 3.2. For every A e R t/iere exzsfe a constant k — k{X) such that 

II u \\< k{X)p{u), V-u e {/ < A} (3.4) 
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Proof. Recall that 



/(«) 4 II 11= r 



{h-V{u))dt 



Since Vij < 0, we have f{u) >^h\\u |p. Since u e {f < A}, we can deduce that 

\u\<C. (3.5) 

If (3.4) is not true, then there exists a sequence such that || m„ ||> np{un). By (3.5), 
we have 

0<p(un)<-. (3.6) 

Let n ^ oo in (3.6), we have p{un) — )■ 0. Then there exists a subsequence {«„} ^ u E OAq, 
by Lemma 3.1, /(«„) +oo, which is a contradiction since {un} C {/ < A}. 

□ 

\\ It \\ 

Lemma 3.3. For every A e M, the set Ax = {u G Aq : ——i- < A} is of finite category 

p{u) 

in Aq. 

Proof. The proof is almost the same as the proof of Lemma 4.3 of [27]. For the covenience 
of the readers, we write the complete proof. 

It is sufficient that we give a homotopy h : [0,1] x Ac CC Aq. 

Take 5 e (0, 1) s.t. 2—%/8c < 1, and define 0(i) = if t e [0, 5] , otherwise (t)(t) = 0. 
Define 

h(u, A) = (1 - X)u(t) + A , ViiGAe, 0<A<1 

p{u) 

where the convolution (u*(f))(t) = (J^ Ui(f)(s)ds, ■ ■ ■ , UN(t>is)ds), then h(u, 0) is an inclu- 
sion and /ii(Ac) is paracompact since h{u, 1) is a convolution operator , so it's a compact 
operator. We need to prove h{Ac x I) C Aq. 

Suppose this is not true , then 3Ao G (0, 1], m e Ac, 1 < io 7^ io < to e [0, 1], such 
that 



Then 



So we have 



(1 - Ao)(Wio - %o) + ^0^((^i^o - %o) * </')(^o) 



{Uio - Ujo) * <P{to) = p{u){l - ^)(Mio(to) - Mio(^o)) 



> p{u)p{u) — p {u). 



An 
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On the other hand , \/u — {ui, ■ ■ ■ , u^) e i ^ j, t & [0, 1], we have 

\p{u){Ui{t) - Uj{t)) - {{Ui - Uj) * 0)(t)| 



< 



' S 
p{u) 



I {ui{t) — Uj{t))ds —{ui{t — s) — Uj{t — s))ds\ 

Jo 

/ \ui{t) — Uj{t) — {ui{t — s) — Uj{t — s))\ds 
Jo 



< p{u) ■ sup \Ui{t) — Uj{t) — {Ui{t — S) — Uj{t — s))\ 

\s\<S 

< p{u)V5 II iii - iij ||i2< p{u)V5{\\ ill \\l2 + || iij W^^) 

< p{u)2VS II ii \\l2<p{u) ■ (2^V^c) • p{u) < p\u) 

Which is a contradiction. □ 

Lemma 3.4. The functional f verifies the Palais-Smale condition on Aq. 

Proof. Let {un} C Aq be a P.S. sequence, then up to a subsequence, it converges weakly 
in [H^)^ and uniformly in \u\oo to an element m G Aq by Lemma 3.1. Hence (y^Vijiu^ — 
u^), {ui — — Uj — u^)) converges uniformly to zero. Since f'{un) — > 0, and u — Un is 
(//i)^-bounded, and 

{f'iu),v)= [ V mi{ui,Vi)dt [ {h-V{u))dt-l\\uf [ {VuV{u),v)dt 
Jo i<i<^ Jo ^ Jo 



So we have 



-lim II M„ 11^ = lim / mi{un, {ii — Un)) dt 

{f'{Un),U-Un) ^ ^.^ 
^J^{h-V{Un))dt J^ih-V{Un))dt 



^.^ {f'{Un),U-Un) ^ ^.^ I II Un f Joi^uVjUn), ju - Un))dt ^ ^ 



□ 

Lemma 3.5. Cat A(,(Ao) = +oo 

Proof See the Corollary 3.4 of [27]. □ 

Lemma 3.6. There exist a functional g e C^(Ao),/3 G (0, 1) and Aq G M such that: 

(iv) CatAg{f < g} < +oo; 

(v) the P.S. condition holds in the set {/ < g}; 

II /'H ii>iu'H II, v«G{/ = (7> Ao}. 
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Proof. By Sobolev's embedding theorem, we know there is a /Cqo > s.t. 

II u ||oo< II u II, Vm e Aq. 

e + 2 

Take ^ such that /3 > — - — , take 7 > such that 

^ • [27 -7V(7V-1)c2^-2A;^]> 7(^ + 2). 

Let g{u) = ^ \ u H^"*"^, we shall show that {/< (7} is a set of finite category. We take 
0<e<^andM>0 such that Vs e M, 7|s|^+2 < es^ + M. 
Define 

/^(m) = f{u)-e II M 11^ 

Then 

{/ < ^} c < M} 

We can use the similar proof of Lemma 3.2 to show that there exists /ci e M such that 

II ||< hp(u),yue{f, < M} 

then by Lemma 3.3, 

CatA,{f <g}< CatA,{fs < M} < +00 
From Lemma 3.4, wc know that (v) is satisfied. 

Since || u \\< kip{u), we take Aq =: ■j{kir2Y~^^. Then ii u & {f = g > Aq}, so 

II II r An n 1 , 

II M ||> [ — = kir2 
7 

So we can obtain : 

r2 < p{u) < \ui{t) - Uj{t)\ < 2\u\oo < 2A;oo || u \\ 



[ {WuV{u),u)dt 
Jo 

l<i<i<Ar 

< / c\ui — Ujfdt 

l<i<j<Ar 

< c ^^^~^\ 2k^ II u \\f (3.7) 
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Since 



II fiu) \\\\u\\>{f'{u),u) 

^2f{u)-^\\uf {VM,y')dt (3.8) 

Then by (3.7) and (3.8), we have 

II f{u) \\> [27 - N{N - l)c2'-'kl] II u (3.9) 
Since || g'{u) \\= 7(6' + 2) || m H^"*"^, from our choice of 7, we have 

P II fiu) II - II g'{u) \\>0,yue{f^g> Aq} (3.10) 

That is, (vi) holds. □ 
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